Abstract. We investigate two specific contractible manifolds (one Stein, and the other non-Stein) whose boundaries have non-trivial mapping class groups. In both cases we show that every diffeomorphism of their boundary extends to a diffeomorphism of the full manifold. In particular, these manifolds cannot be corks. The methods are a mix of 3 and 4-manifold techniques.
Introduction
A cork is a pair (W, f ), where W is a compact contractible Stein manifold, and f : ∂W → ∂W is an involution, which extends to a homeomorphism of W , but does not extend to a diffeomorphism of W . We say (W, f ) is a cork of M, if there is an imbedding W ֒→ M and cutting W out of M and re-gluing with f produces an exotic copy
The operation M → M ′ is called cork-twisting M along W . A first example of a cork appeared in [A1] ; and in [M] , [CFHS] it was proven that, any exotic copy M ′ of a closed simply connected 4-manifold M is obtained by twisting along a contractible manifold by an involution as above. Furthermore in [AM] it was shown that this contractible manifold can be taken to be a Stein manifold. In particular, if the boundary of a cork is S 3 it has to be B 4 (Eliashberg's theorem). A cork without the "Stein" condition is called a loose-cork. It is not known if loose-corks are corks (they have to contain corks by above). Question 1. Is there any loose-cork which can not be a cork?
An obvious candidate for this is the contractible manifold discussed in [G] and [A2] . Also recently, Mark and Tosun proved that the contractible manifold W (0, 2) drawn in Figure 1 can not be a Stein manifold (in the notation of [AK] and [A3] ). So the only other way a contractible Stein (or non-Stein) manifold W fails to be a cork (or a loose-cork) is when all the self diffeomorphisms of ∂W smoothly extend 1991 Mathematics Subject Classification. 58D27, 58A05, 57R65. Partially supported by NSF grants DMS 0905917 and 1506328.
inside W . Here we offer two such examples with this property from the family W (0, n) introduced in [AK] and drawn below in Theorem 1. W (0, 1) is a contractible Stein manifold which can not be a cork, and W (0, 2) is a contractible non-Stein manifold which can not be a loose-cork.
The proof of Theorem 1 naturally divides into two parts. The first step, whose proof is postponed to Section 2, is the determination of the mapping class group MCG (the orientation-preserving diffeomorphisms mod isotopy) of ∂W (0, 1) and ∂W (0, 2), using techniques of 3-dimensional topology. Assuming this calculation, we show in Section via handle calculus that all of the diffeomorphisms extend over ∂W (0, n).
It is easily to check from its Legendrian picture that when n ≤ 1 the contractible manifold W (0, n) is a Stein manifold. Moreover, ∂W (0, 1) and ∂W (0, 2) can be identified as +1 and −1 surgeries of the Stevedores knot K, respectively. It is known that K +1 is a hyperbolic manifold [BW] and K −1 is the Brieskorn homology sphere Σ(2, 3, 13) (e.g. [A3] ).
, and is generated by the symmetries induced by the rotations R and S of the knot K, as indicated in Figure 3 . And for K −1 = Σ(2, 3, 13), the mapping class group is Z 2 , and is generated by the symmetry T of Figure 4 . In this figure we used another identification of Σ(2, 3, 13) from (e,g. Exercise 12.3 of [A3] , which is equivalent to this plumbing).
This proposition will be proved in Section 2.
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Proof of Theorem 1
Assuming Proposition 2, we prove the following extension result, which establishes Theorem 1.
Proposition 3. Every element of MCG(∂W (0, n)) extends to a diffeomorphism of W (0, n) (n = 1, 2) .
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Proof. First we show that the diffeomorphisms R and S extend to W (0, 1). Figure 5 shows how to identify ∂W (0, 1) with K +1 , from which it follows that the R and S symmetries extend smoothly inside of W (0, 1), because they keep the isotopy type of the dual loop γ of the 2-handle of W (0, 1) (the diffeomorphism extends by carving along this loop). Figure 6 shows how to check R(γ) (and also S(γ)) is isotopic to γ.
To show T extends to W (0, 2) we need to recall the identification ∂W (0, 2) with K −1 shown in Figure 8 . Now as in the previous case it suffices to show that the diffeomorphisms T keeps the isotopy type of the dual loop of the 2-handle of W (0, 2). To see this we need to analyze this identification of Figure 8 more closely, which is done in Figure 7 . Now Figure 9 shows that the loop T (γ) is isotopic to γ (to see this just slide T (γ) over the -2 framed 2-handle).
Remark 2. Manifolds W (0, 1) and W (0, 2) have the interesting feature that, even though they are not corks themselves, blowing up W (0, 1) once, and W (0, 2) twice, produces absolutely exotic manifolds with a cork inside (as in [AR] ). For this reason we well call them "almost corks". Clearly, repeated application of the process of Figure 10 gives an absolutely exotic W (0, n)#nCP 2 containing the cork W (0, 0) inside, so W (0, n) is an almost cork. The mapping class group of K −1 is straightforward to calculate, using the fact that it is a Seifert fibered space. More effort is required for K +1 , as we briefly explain. Using the software package SnapPy [CDW] (as implemented in Sage [S] ), one can calculate numerically that K +1 is hyperbolic and its symmetry group is Z 2 ⊕ Z 2 . Recent work of many authors [DHL, HIKMOT, FGGTV] shows how to certify the symmetry of certain 3-manifolds using interval arithmetic; at present this works in general for cusped manifolds, but not for closed manifolds. In principle, one can use the method of Hodgson-Weeks [HW] , based on drilling out short geodesics, to determine the symmetry group. However, this depends on rigorous computations of the length spectrum, which we understand to be work in progress but not yet fully implemented.
In the situation at hand, we are able to take advantage of the fact that K +1 has Heegaard genus 2. This is apparent from the surgery diagram in Figure 2 (the twist knot is a 2-bridge knot) and also from the fact that K +1 is a double-branched cover of S 3 branched along a 3-bridge knot. Using techniques of Reni [R] and Mecchia-Reni [MR] , we will reduce the question to showing that a hyperbolic orbifold (S 3 , Γ) has trivial symmetry group. The singular set in this orbifold is in an embedded θ-graph, and in Section 2.3 we develop a simple criterion to investigate the symmetry group of such an embedded graph.
Symmetries of
, we know that K −1 is the Brieskorn sphere Σ(2, 3, 13). This is a 'small' Seifert fibered space, from which it follows that any element in MCG(K −1 ) is isotopic to a fiberpreserving diffeomorphism [BO] . In particular, any orientation preserving self-diffeomorphism is isotopic to the identity, or to an involution that reverses the orientation of both base and fiber. In a standard picture for a Brieskorn sphere, this involution is exhibited in Figure 4. 
Symmetries of K
+1 : reduction to a graph. Following the work of Mecchia-Reni [MR] , we now reduce the calculation of the symmetry group of K +1 to understanding the symmetries of a quotient orbifold. (For easy comparison with [MR] , we will write K +1 = M for the rest of the paper.) In the section that follows, we will show that this orbifold has a trivial symmetry group, from which it follows that Isom(M) = Z 2 ⊕ Z 2 , and that the involutions R and S indicated in Figure 3 are the generators.
We start by taking the quotient of M by the involution R, which is a strong inversion of the knot K. By [M] , the quotient is the 3-sphere, and one can draw the branch set by the procedure of [M] . The result, pictured below, is a 3-bridge knot that we will call J (the corresponding object in [MR] is denoted K.) Since the double branched cover, K +1 is hyperbolic, we are in the situation for which [MR] may be used to determine Isom (M) .
Note that the knot J is strongly invertible, and we take the quotient of S 3 by the obvious strong inversion. The union of the quotient of J with the fixed set is an embedded θ-graph Γ(J).
We regard (S 3 , Γ(J)) as an orbifold (in the terminology of [KM] , a bifold). It is the quotient of K +1 by the group of Z 2 ⊕ Z 2 symmetries = Figure 11 . Quotient knot J Figure 12 . Quotient orbifold Γ(J) generated by R and S. According to Case (2) of [MR, Theorem 2] , if we can show that the orbifold symmetry group of (S 3 , Γ(J)) is trivial, it will follow that the orientation-preserving symmetries of K +1 is exactly the group Z 2 ⊕ Z 2 .
+1 : from graphs to links. From the preceding section, we need to show that the orbifold (S 3 , Γ(J)) has a trivial symmetry group. For the moment, we assume that Γ is an arbitrary embedded θ-graph, and relate its symmetry group to the symmetries of an associated link L Γ . The definition of L Γ comes from [KSWZ] , and we review their construction and add a little terminology.
Definition 4. Let Γ be a graph embedded in S 3 . A ribbon for Γ is a surface F with boundary containing Γ as a spine.
Associated to any oriented surface F in the 3-sphere is its Seifert form V F . It is standard that V F − V t F is the intersection form of the surface F . Moreover, V −F = V t F where −F is F with reversed orientation and t denotes the transpose. In particular, V F is symmetric exactly when F is a planar surface (for which the intersection form vanishes).
Definition 5. A 0-ribbon for Γ is a ribbon for Γ for which V F = 0.
A useful result from [KSWZ] is that a θ-graph is contained in a 0-ribbon F Γ , and this is unique up to isotopy. In particular, the isotopy class of the link L Γ = ∂F Γ is an invariant of the isotopy class of Γ. We will show that any symmetry of the pair (S 3 , Γ) is a symmetry of L Γ . In particular, if L Γ has trivial symmetry group, then so does (S 3 , Γ). Consider the abstract θ-graph Θ with edges {a, b, c} as pictured in Figure 13 . Then the symmetry group of Θ, say G Θ is of order 12, generated by {α, β, γ}. (G Θ is evidently just Z 2 × D 3 where D 3 is the dihedral group of order 6.) Note that the symmetry group of any embedded graph (S 3 , Γ) injects into G Θ . Proof. The action of G Θ extends in an obvious way to an action on a genus 2 handlebody H, and one can readily find a G Θ -invariant ribbon F in H. In fact, if one thickens the pictures in Figure 13 in the obvious way, then F can be taken to be the evident G-invariant ribbon in the picture. The action of G on S 3 extends to a regular neighborhood, and this action is G-equivariantly isomorphic to the action on H. Thus the G-invariant ribbon in H can be embedded equivariantly in S 3 as well; we continue to call it F .
The invariant ribbon does not necessarily have a vanishing Seifert form, so we follow [KSWZ] and put twists in the bands, preserving the invariance, to get a 0-ribbon. In the model above, a basis for H 1 (F ) is given by {a − b, c − b}; we use the same names for the curves as embedded in F in S 3 as a ribbon for Γ. By the remarks after Definition 4, the Seifert form of F is symmetric and therefore independent of orientation of F . Moreover, since G preserves the orientation of S 3 , we have
Following the argument in [KSWZ] , we show that twists can be put in the bands to make the Seifert form 0 while simultaneously preserving the invariance of F . It suffices to show this for g = α, β, and γ, as long as we put in the same number of twists each time. Note that for any twists in the bands, F (p, q, r) will automatically be α-invariant, so we only have to treat β and γ.
Denote by F (p, q, r) the surface with p, q, and r full twists in the bands containing a, b, and c, respectively. Then for β-invariance, we need to solve the equations below with p = r, while for γ-invariance we need to have p = q = r. Hence choosing p = r = q = −V F (a − b, c − b) also makes F (p, q, r) into a γ-invariant 0-ribbon.
+1 : proof of Proposition 2. Starting from Figure 12 , we draw a ribbon F for the orbifold Γ(J) as shown below.
According to (2) a −1 twist in band b and a +1 twist in band c will turn this surface into a 0-ribbon for Γ(J); denote by L the boundary of this surface as drawn in Figure 15 . Now we make use of the implementation of the routines of [HIKMOT, FGGTV] in SnapPy [CDW] (called via Sage [S] ) that certify the hyperbolicity of L and compute its symmetry group. The results of that computation are that L has a trivial symmetry group. It follows, as discussed above, that the symmetry group of K +1 is the predicted Z 2 ⊕Z 2 , completing the proof of Proposition 2 and therefore of Theorem 1.
